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Abstract

We consider approximation of multivariate functions in Sobolev spaces by high

order Parzen windows in a non-uniform sampling setting. Sampling points are nei-

ther i.i.d. nor regular, but are noised from regular grids by non-uniform shifts of a

probability density function. Sample function values at sampling points are drawn

according to probability measures with expected values being values of the approx-

imated function. The approximation orders are estimated by means of regularity

of the approximated function, the density function and the order of the Parzen

windows, under suitable choices of the scaling parameter.
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1 Introduction and Formal Setting

We consider approximation of functions on Rn from samples of type z = {(xi, yi)}i∈zn .

If f ∗ is a function to be approximated, then on our setting described below, the sample

function value yi at the sampling point xi satisfies yi ≈ f ∗(xi). In randomized sampling,

the sampling points {xi} are governed by some probability distributions.

In this paper we continue our study [11] on randomized sampling of functions on Rn

by means of high order Parzen windows

fz,σ(x) =
∑
i∈Zn

yiΦ
(x

σ
,
xi

σ

)
, x ∈ Rn. (1.1)

† The work described in this paper is supported partially by the Research Grants Council of Hong

Kong [Project No. CityU 103405], National Science Fund for Distinguished Young Scholars of China

[Project No. 10529101], and National Basic Research Program of China [Project No. 973-2006CB303102].
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Here Φ : Rn × Rn → R is a window function, σ > 0 is a window width. Under some

conditions on the approximated function f ∗, window function Φ and noise controlling

yi−f ∗(xi), the error in L2(Rn) between f ∗ and fz,σ (with normalization) is analyzed in [11]

when {xi}i∈Zn is drawn randomly from a sequence of probability densities {p(· − hi)}i∈Zn

for some fixed density function p on Rn and some grid size h > 0. In that setting, {xi} is

uniform in expectation: E(xi) = hi + E(p) for each i ∈ Zn.

The purpose of this paper is to establish improvements of the above result in two

directions. Firstly we consider a non-uniform setting in the sense that the sampling

points {xi}i∈Zn are drawn according to the probability density functions {p(· − ti)} with

non-uniform nodes {ti} satisfying supi∈Zn |ti−hi| ≤ ∆. The quantity ∆ > 0 measures the

degree of non-uniformality as in the literature of non-uniform sampling [1]. Secondly, we

estimate bounds the error in Sobolev spaces Hs(Rn) by allowing s ≥ 0, not only in the

space L2(Rn) with s = 0. To this end, the basic window function Φ is defined in terms of

the index s. Throughout the paper, 0 ≤ s < J are two integers. For α = (α1, · · · , αn) ∈
Zn

+ and x = (x1, · · · , xn) ∈ Rn, we denote xα = Πn
j=1(x

j)αj , |α| = α1 + · · · + αn and

DαΦ(x, u) = ∂α

∂xα (Φ(·, u))(x).

Definition 1. A function Φ : Rn × Rn → R is called a basic window function of type

(J, s) if it satisfies

(i)
∫

Rn Φ(x, u) du ≡ 1 and
∫

Rn Φ(x, u)(u− x)α du ≡ 0 for 0 < |α| < J ,

(ii) for some q > n + J and cq > 0,

|DαΦ(x, u)| ≤ cq

(1 + |x− u|)q
∀x, u ∈ Rn, 0 ≤ |α| ≤ s. (1.2)

Condition (i) above is called vanishing moment condition in the literature of multi-

variate approximation [3] or wavelets [4].

As in the literature of Shannon sampling [8] or online learning [9], we shall assume

throughout the paper that the sample z = {(xi, yi)}i∈Zn is drawn independently from a

sampling sequence {ρ(i)}i∈Zn of probability measures on Z := Rn × R associated with

(M, h, ∆, p).

Definition 2. Let M, ∆ > 0, 0 < h ≤ 1 and p be a probability density function on

Rn. Each x ∈ Rn is assigned a Borel probability measure ρx supported on [−M, M ], and

{ti}i∈Zn ⊂ Rn is a sequence satisfying |ti − hi| ≤ ∆ for each i ∈ Zn. We call {ρ(i)}i∈Zn a

sampling sequence associated with (M, h, ∆, p) if for each i, the marginal distribution

ρ
(i)
X of ρ(i) on Rn has density p(·−ti) and the conditional distribution of ρ(i) at each x ∈ Rn

equals ρx.
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Define a function f ∗ to be approximated by

f ∗(x) =

∫
R

ydρx, x ∈ Rn. (1.3)

2 Main Result

Our main result provides bounds for the approximation of the function f ∗ on Rn by

(normalized) fz,σ in the Sobolev space Hs(Rn) with norm ‖f‖Hs(Rn) =
∑

|α|≤s ‖Dαf‖L2(Rn).

Denote the variance of ρx by σ2
x.

Theorem 1. Let Φ be a basic window function of type (J, s). Assume f ∗ ∈ CJ+s(Rn),

p ∈ CJ+s(Rn) and that for some η > 2n and cη > 0, each of the functions Dαf ∗, Dαp

with |α| ≤ J + s and σ2
x satisfies the following decay condition

|f(x)| ≤ cη

(1 + |x|)η
∀ x ∈ Rn. (2.1)

If ∆ ≤ h
n(J−s)
n+2J , then by taking σ = h

n
n+2J , for any 0 < δ < 1, with confidence 1 − δ, we

have∥∥∥h
2nJ

n+2J fz,σ − f ∗
∥∥∥

Hs(Rn)
≤ C̃q,n,η,J,s

{
(1 + M)cq + cqc

2
η + cη‖f ∗‖Hs(Rn)

}
h

n(J−s)
n+2J log

2

δ

where C̃q,n,η,J,s is the constant depending only on q, n, η, J, s.

Theorem 1 will be proved in Section 4 with the constant C̃q,n,η,J,s given explicitly.

The idea of approximation in sobolev spaces can be used to learn norms of gradients
∂f∗

∂xi for variable selection and inner products
〈

∂f∗

∂xi ,
∂f∗

∂xj

〉
for studying covariances [5, 2]. We

shall discuss details somewhere else.

It would be interesting to study the randomized sampling for dependent samples [10].

3 Sample Error and Approximation Error

The sample error refers to the difference between fz,σ and its data-free limit defined by

fσ(x) =

∫
Rn

Φ
(x

σ
,
u

σ

)
f ∗(u)

∑
i∈Zn

p(u− ti)du, x ∈ Rn. (3.1)

It can be bounded by the following probability inequality for random variables with values

in a Hilbert space (see [7] or [6]).
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Lemma 1. Let H be a Hilbert space and {ξi}i∈Zn be independent random variables on

Z with values in H. Assume that for each i, ‖ξi‖ ≤ M̃ < ∞ almost surely. Denote

σ̃2 =
∑

i∈Zn E(‖ξi‖2). Then for any 0 < δ < 1, with confidence 1− δ,∥∥∥ ∑
i∈Zn

[ξi − E(ξi)]
∥∥∥ ≤ 2M̃ log(2/δ) +

√
2σ̃2 log(2/δ). (3.2)

In our setting, we take {ξi}i∈Zn to be the random variable on Z with values in the

Hilbert space Hs(Rn) given by

ξi = yiΦ
( ·

σ
,
xi

σ

)
−

∫
Z

yΦ
( ·

σ
,
x

σ

)
dρ(i)

= yiΦ
( ·

σ
,
xi

σ

)
−

∫
Rn

Φ
( ·

σ
,
x

σ

)
p(x− ti)f

∗(x)dx

Then we can apply Lemma 1 to obtain bounds for sample error. To this end, we need

the Sobolev space norm of the function Φ
( ·

σ
, x

σ

)
.

Lemma 2. Let 0 < σ ≤ 1. If (1.2) holds, then for any x ∈ Rn, we have∥∥∥Φ
( ·

σ
,
x

σ

)∥∥∥
Hs(Rn)

≤ 2cq(s + 1)nπn/4√
(2q − n)Γ(n/2)

σ
n
2
−s,

where Γ(t) is the Gamma function defined by Γ(t) =
∫ ∞

0
rt−1e−rdr for t > 0.

Proof. For any α ∈ Zn with 0 ≤ |α| ≤ s, we have∥∥∥Dα
(
Φ

( ·
σ

,
x

σ

))∥∥∥2

L2(Rn)
=

∥∥∥σ−|α|DαΦ
( ·

σ
,
x

σ

)∥∥∥2

L2(Rn)

≤ σ−2|α|
∫

Rn

c2
q(

1 + |u−x|
σ

)2q du ≤ σn−2|α| 2πn/2c2
q

(2q − n)Γ(n/2)
.

Since 0 < σ ≤ 1, we have σ−2|α| ≤ σ−2s and the desired bound follows.

Proposition 1. Let Φ be a basic window function of type (J, s) and z be a sample. For

any 0 < δ < 1, with confidence 1− δ, we have

‖fz,σ−fσ‖Hs(Rn) ≤
8cq(s + 1)nπn/4σ

n
2
−s√

(2q − n)Γ(n/2)
log

2

δ

{
M+

( ∫
Rn

[
σ2

x + 2|f ∗(x)|2
] ∑

i∈Zn

p(x−ti)dx
) 1

2
}

.

Proof. Since ρx is supported on [−M, M ], |f ∗(x)| ≤ M for each x. By Lemma 2, the

random variable ξi = yiΦ
( ·

σ
, xi

σ

)
−

∫
Rn Φ

( ·
σ
, x

σ

)
p(x − ti)f

∗(x)dx with values in Hs(Rn)

satisfies

‖ξi‖Hs(Rn) ≤ M
∥∥∥Φ

( ·
σ

,
xi

σ

)∥∥∥
Hs(Rn)

+

∫
Rn

∥∥∥Φ
( ·

σ
,
x

σ

)∥∥∥
Hs(Rn)

p(x− ti)|f ∗(x)|dx

≤ 4Mcq(s + 1)nπn/4√
(2q − n)Γ(n/2)

σ
n
2
−s.
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Write ξi as

ξi = (yi − f ∗(xi)) Φ
( ·

σ
,
xi

σ

)
+ f ∗(xi)Φ

( ·
σ

,
xi

σ

)
−

∫
Rn

Φ
( ·

σ
,
x

σ

)
p(x− ti)f

∗(x)dx.

Then we see from Lemma 2 that for each i ∈ Zn,

‖ξi‖Hs(Rn) ≤
{
|yi − f ∗(xi)|+ |f ∗(xi)|+

∫
Rn

|f ∗(x)|p(x− ti)dx

}
2cq(s + 1)nπn/4√
(2q − n)Γ(n/2)

σ
n
2
−s.

It follows from
(∫

Rn |f ∗(x)|p(x− ti)dx
)2 ≤

∫
Rn |f ∗(x)|2p(x− ti)dx that

∑
i∈Zn

E
(
‖ξi‖2

Hs(Rn)

)
≤

12c2
q(s + 1)2nπn/2

(2q − n)Γ(n/2)

{∫
Rn

[
σ2

x + 2|f ∗(x)|2
] ∑

i∈Zn

p(x− ti)dx

}
σn−2s.

Then our conclusion follows from Lemma 1.

Now we turn to the approximation error. We show that, fσ tends to f ∗
∑

i∈Zn p(·− ti)

in the space Hs(Rn) as σ becomes small.

Proposition 2. Let Φ be a basic window function of type (J, s) defined as Definition 1.

Define fσ by (3.1). If the function f ∗
∑

i∈Zn p(·−ti) lies in HJ+s(Rn), then for any σ ≤ 1,

we have∥∥∥fσ − σnf ∗
∑
i∈Zn

p(· − ti)
∥∥∥

Hs(Rn)
≤ 2 · 3J+scqπ

n/2s!

(q − J − n)Γ(n/2)J !

∥∥∥f ∗
∑
i∈Zn

p(· − ti)
∥∥∥

HJ+s(Rn)
σn+J−s.

(3.3)

Proof. Denote g(x) = f ∗(x)
∑

i∈Zn p(x− ti). We apply a Taylor expansion to the function

fσ(x) =

∫
Rn

Φ(
x

σ
,
u

σ
)g(u)du.

Let u, x ∈ Rn. Define a univariate function h : [0, 1] → R as

h(t) = g(x + t(u− x)), t ∈ [0, 1].

Then we have

g(u) = h(1) =
J−1∑
`=0

h(`)(0)

`!
+

1

(J − 1)!

∫ 1

0

(1− v)J−1h(J)(v)dv.

Since h(`)(t) =
∑

|α|=`(u− x)αDαg(x + t(u− x)), we see

fσ(x) =

∫
Rn

Φ(
x

σ
,
u

σ
)

J−1∑
`=0

1

`!

∑
|α|=`

(u− x)αDαg(x)du

+

∫
Rn

Φ(
x

σ
,
u

σ
)

1

(J − 1)!

∫ 1

0

(1− v)J−1
∑
|α|=J

(u− x)αDαg(x + v(u− x))dvdu.
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Since
∫

Rn Φ(x
σ
, u

σ
)du = σn, we know from Property (i) of the basic window function Φ that

fσ(x) = σng(x)+
1

(J − 1)!

∫ 1

0

(1−v)J−1
∑
|α|=J

{∫
Rn

Φ(
x

σ
,
u

σ
)(u− x)αDαg(x + v(u− x))du

}
dv.

To compute the Hs(Rn)-norm of fσ − σng, we take β ∈ Zn
+ satisfying |β| ≤ s. We have

Dβ

{∫
Rn

Φ(
x

σ
,
u

σ
)(u− x)αDαg(x + v(u− x))du

}
=

∑
j,k,l∈Zn

+,j+k+l=β

β!

j!k!l!

∫
Rn

σ−|j|DjΦ(
x

σ
,
u

σ
)

α!

(α− k)!
(−1)|k|(u− x)α−k(1− v)|l|Dα+lg(x + v(u− x))du.

Thus
∥∥Dβ (fσ − σng)

∥∥
L2(Rn)

is bounded by

∑
|α|=J

∑
j+k+l=β

α!

(α− k)!

β!

j!k!l!
σ−|j|

1

(J − 1)!

∫ 1

0

(1− v)J+|l|−1Jα,j,k,l(v)dv,

where for v ∈ (0, 1),

Jα,j,k,l(v) :=

∥∥∥∥∫
Rn

DjΦ(
x

σ
,
u

σ
)(u− x)α−kDα+lg(x + v(u− x))du

∥∥∥∥
L2(Rn)

.

We need to estimate Jα,j,k,l(v). By the Schwarz inequality

(Jα,j,k,l(v))2 ≤
∫

Rn

{∫
Rn

∣∣∣DjΦ(
x

σ
,
u

σ
)
∣∣∣ ∣∣(u− x)α−k

∣∣ du∫
Rn

∣∣∣DjΦ(
x

σ
,
u

σ
)
∣∣∣ ∣∣(u− x)α−k

∣∣ ∣∣Dα+lg(x + v(u− x))
∣∣2 du

}
dx.

Decay condition (1.2) of Φ tells us that∫
Rn

∣∣∣DjΦ(
x

σ
,
u

σ
)
∣∣∣ ∣∣(u− x)α−k

∣∣ du ≤ σn+|α−k|
∫

Rn

cq|u||α−k|

(1 + |u|)q
du ≤ 2cqπ

n/2σn+J−|k|

(q + |k| − J − n)Γ(n/2)
.

Make a variable change w = x + v(u− x). We see that∫
Rn

∣∣∣DjΦ(
x

σ
,
u

σ
)
∣∣∣ ∣∣(u− x)α−k

∣∣ ∣∣Dα+lg(x + v(u− x))
∣∣2 du

≤
∫

Rn

cq

(1 + |w−x
σv
|)q

∣∣∣∣(w − x

v
)α−k

∣∣∣∣ ∣∣Dα+lg(w)
∣∣2 v−ndw.

It follows from the Schwarz inequality that

(Jα,j,k,l(v))2 ≤ 2cqπ
n/2σn+J−|k|

(q + |k| − J − n)Γ(n/2)

∫
Rn

∣∣Dα+lg(w)
∣∣2 σn+|α−k|

∫
Rn

cq|u||α−k|

(1 + |u|)q
dudw
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which is bounded by
(

2cqπn/2σn+J−|k|

(q+|k|−J−n)Γ(n/2)

)2

‖Dα+lg‖2
L2(Rn). Therefore,∥∥Dβ (fσ − σng)

∥∥
L2(Rn)

≤
∑
|α|=J

∑
j+k+l=β

α!

(α− k)!

β!

j!k!l!

1

(J − 1)!

1

J + |l|
2cqπ

n/2σn+J−|j|−|k|

(q + |k| − J − n)Γ(n/2)

∥∥Dα+lg
∥∥

L2(Rn)

≤ 2 · 3J+scqπ
n/2s!σn+J−s

(q − J − n)Γ(n/2)J !

∑
|α|=J

∑
l≤β

∥∥Dα+lg
∥∥

L2(Rn)
.

Hence bound (3.3) for ‖fσ − σng‖Hs(Rn) =
∑

|β|≤s

∥∥Dβ (fσ − σng)
∥∥

L2(Rn)
follows.

4 Deriving Convergence Rates

Combining Propositions 1 and 2, we obtain bounds for the total error.

Proposition 3. Under the assumption of Theorem 1, for 0 < σ, h ≤ 1 we have with

confidence 1− δ,∥∥∥∥hnfz,σ

σn
− f ∗

∥∥∥∥
Hs(Rn)

≤ C(1 + ∆)η log
2

δ
h

n
2 σ−

n
2
−s

max
{
1, σJ+n

2 h−
n
2 , ∆σ

n
2
+sh−

n
2 , ∆n+1σ

n
2
+sh−

n
2 , σ

n
2
+sh

n
2
+1

}
(4.1)

where C is a constant independent of δ, σ, h or ∆.

Proof. Let us first refine the bound in Proposition 1. Since σ2
x and p satisfy decay condition

(2.1), we have for i ∈ Zn,∫
Rn

σ2
xp(x− ti)dx ≤

∫
Rn

cη

(1 + |x|)η

cη

(1 + |x− ti|)η
dx.

We divide Rn into two domains, one with |x−hi| ≥ 2∆ and the other with |x−hi| < 2∆.

When |x− hi| ≥ 2∆, we have |x− ti| ≥ |x− hi| − |ti − hi| ≥ |x− hi| −∆ ≥ 1
2
|x− hi|.

It follows that∫
|x−hi|≥2∆

cη

(1 + |x|)η

cη

(1 + |x− ti|)η
dx ≤

∫
Rn

cη

(1 + |x|)η

cη

(1 + 1
2
|x− hi|)η

dx

=

∫
|x|≥ 1

2
h|i|

cη

(1 + |x|)η

cη

(1 + 1
2
|x− hi|)η

dx +

∫
|x|< 1

2
h|i|

cη

(1 + |x|)η

cη

(1 + 1
2
|x− hi|)η

dx

≤ cη

(1 + 1
2
h|i|)η

∫
Rn

cη

(1 + 1
2
|x− hi|)η

dx +
cη

(1 + 1
4
h|i|)η

∫
Rn

cη

(1 + |x|)η
dx

≤
2n+1c2

ηπ
n/2

(η − n)Γ(n/2)
(1 +

1

2
h|i|)−η +

2c2
ηπ

n/2

(η − n)Γ(n/2)
(1 +

1

4
h|i|)−η.
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When |x− hi| < 2∆, we have |x| > h|i| − 2∆. Thus if |i| > 4∆
h

, we have |x| > 1
2
h|i| and∫

|x−hi|<2∆

cη

(1 + |x|)η

cη

(1 + |x− ti|)η
dx ≤ cη

(1 + 1
2
h|i|)η

∫
Rn

cη

(1 + |x− ti|)η
dx

is bounded by
2c2ηπn/2

(η−n)Γ(n/2)
(1 + 1

2
h|i|)−η.

If |i| ≤ 4∆
h

, we see that∫
|x−hi|<2∆

cη

(1 + |x|)η

cη

(1 + |x− ti|)η
dx ≤

∫
Rn

c2
η

(1 + |x|)η
dx ≤

2c2
ηπ

n/2

(η − n)Γ(n/2)

is bounded by
2c2ηπn/2

(η−n)Γ(n/2)
(1 + 1

2
h|i|)−η(1 + 2∆)η.

Applying the above estimates together with the following bound from [11]∑
i∈Zn

(1 +
1

2
h|i|)−η ≤ (

√
n + 1)n + (4/h)n 2πn/2

(η − n)Γ(n/2)
,

we see that
∑

i∈Zn

∫
Rn σ2

xp(x− ti)dx is bounded by

2c2
ηπ

n/2

(η − n)Γ(n/2)
{2n + 2η + 1 + (1 + 2∆)η}

{
(
√

n + 1)n + (8/h)n 2πn/2

(η − n)Γ(n/2)

}
.

In the same way,
∑

i∈Zn

∫
Rn |f ∗(x)|2p(x− ti)dx is bounded by the above same expression

with c2
η replaced by c3

η.

Therefore from Proposition 1 we see that with confidence 1− δ,

‖fz,σ − fσ‖Hs(Rn) ≤
8cq(s + 1)nπn/4√
(2q − n)Γ(n/2)

{
M + cη,n(1 + ∆)η/2

}
h−

n
2 σ

n
2
−s log

2

δ
, (4.2)

where cη,n is a constant given by

cη,n =
(c

3/2
η + cη)π

n/422+η/2√
(η − n)Γ(n/2)

{
(
√

n + 1)n/2 +
8n/2πn/4√

(η − n)Γ(n/2)

}
.

In order to use Proposition 2, we need to bound the norm
∥∥f ∗

∑
i∈Zn p(· − ti)

∥∥
HJ+s(Rn)

.

Applying decay condition (2.1) again, we see that
∥∥∥f ∗

∑
i∈Zn p(·− ti)

∥∥∥
HJ+s(Rn)

is bounded

by

c2
η

{2(J + s) + 1}n πn/4√
(2η − n)Γ(n/2)

(1 + ∆)η24+η

{
(
√

n + 1)n +
8nπn/2

(η − n)Γ(n/2)

}
h−n.

It follows from Proposition 2 that∥∥∥fσ − σnf ∗
∑
i∈Zn

p(· − ti)
∥∥∥

Hs(Rn)
≤

{2(J + s) + 1}n3J+s+1s!cqc
2
ηπ

3n/4

(q − J − n)J !
√

(2η − n)Γ(n/2)Γ(n/2)

(1 + ∆)η24+η

{
(
√

n + 1)n +
8nπn/2

(η − n)Γ(n/2)

}
σn+J−sh−n. (4.3)
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Finally, we must study the difference between
∑

i∈Zn p(· − ti) and
∑

i∈Zn p(· − hi) by

the restriction supi |ti − hi| ≤ ∆. For x ∈ Rn,∣∣∣∣∣∑
i∈Zn

p(x− hi)−
∑
i∈Zn

p(x− ti)

∣∣∣∣∣ ≤
∑
i∈Zn

|p(x− hi)− p(x− hi− (ti − hi))|

=
∑
i∈Zn

∣∣∣∣∣∣
∫ 1

0

∑
|α|=1

(ti − hi)αDαp(x− hi− u(ti − hi))du

∣∣∣∣∣∣
≤

∑
i∈Zn

∫ 1

0

n∆cη

(1 + |x− hi− u(ti − hi)|)η
du.

For every x ∈ Rn, we can find some k ∈ Zn such that x− hk ∈ [−h
2
, h

2
)n. Then |x− hi| =

|x − hk + h(k − i)| ≥ 1
2
|k − i|h. Separate

∑
i∈Zn into two parts

∑
|x−hi|≥2∆ (where

|x− hi− u(ti − hi)| ≥ |x− hi| −∆ ≥ 1
2
|x− hi| for u ∈ [0, 1]) and

∑
|x−hi|<2∆. We have∣∣∣∣∣∑

i∈Zn

p(x− hi)−
∑
i∈Zn

p(x− ti)

∣∣∣∣∣ ≤ ∑
i∈Zn

n∆cη

(1 + 1
2
|x− hi|)η

+ (
4∆

h
)nn∆cη

≤
∑
i∈Zn

n∆cη

(1 + 1
4
|k − i|h)η

+ (
4∆

h
)nn∆cη

≤
{

(
√

n + 1)n +
2πn/28n

(η − n)Γ(n/2)

}
ncηh

−n∆ + 4nncηh
−n∆n+1.

Combining an estimation in [11] for
∣∣hn

∑
i∈Zn hnp(x− hi)− 1

∣∣, we have∣∣∣∣∣hn
∑
i∈Zn

p(x− ti)− 1

∣∣∣∣∣ ≤ cη

{
c′η,n∆ + 4nn∆n+1 + (c′η,n + n2n)hn+1

}
,

where c′η,n is the constant given by

c′η,n =

{
(
√

n + 1)n +
2πn/28n

(η − n)Γ(n/2)

}
n.

This in connection with (4.2)and (4.3) tells us that with confidence 1− δ, the total error∥∥∥hnfz,σ

σn − f ∗
∥∥∥

Hs(Rn)
is bounded by

8cq(s + 1)nπn/4√
(2q − n)Γ(n/2)

{
M + cη,n(1 + ∆)η/2

}
h

n
2 σ−

n
2
−s log

2

δ

+cη‖f ∗‖Hs(Rn){c′η,n∆ + 4nn∆n+1 + (c′η,n + n2n)hn+1}

+
{2(J + s) + 1}n3J+s+1s!cqc

2
ηπ

3n/4(1 + ∆)η24+η

(q − J − n)J !
√

(2η − n)Γ(n/2)Γ(n/2)

{
(
√

n + 1)n +
8nπn/2

(η − n)Γ(n/2)

}
σJ−s.

So desired bound (4.1) holds true with the constant C taken to be

C = 40cq(s + 1)n {M + cη,n}+ cη‖f ∗‖Hs(Rn){2c′η,n + n4n + n2n}

+{2(J + s) + 1}n3J+s+5s!cqc
2
η2

6+η
{
(
√

n + 1)n + 8n
}

.

This proves Proposition 3.
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Now we can prove Theorem 1 easily.

Proof of Theorem 1. Since ∆ ≤ h
n(J−s)
n+2J ≤ 1 and σ = h

n
n+2J and , we have σJ+n

2 h−
n
2 = 1

and ∆σ
n
2
+sh−

n
2 = 1. So we get

max
{
1, σJ+n

2 h−
n
2 , ∆σ

n
2
+sh−

n
2 , ∆n+1σ

n
2
+sh−

n
2 , σ

n
2
+sh

n
2
+1

}
= 1.

Then the conclusion of Theorem 1 follows from Proposition 3 with the constant

C̃q,n,η,J,s = 2η
{
40(s + 1)n {1 + cη,n}+ 2c′η,n + n4n + n2n

+{2(J + s) + 1}n3J+s+5s!26+η
[
(
√

n + 1)n + 8n
]}

.

The proof of Theorem 1 is complete. �
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